A self-contained coupled-mode theory for the coupled two asymmetric photonic crystal waveguides (PCWs) is presented. The first-order coupled-mode equations are derived under a weak coupling assumption. The coupling coefficients are obtained systematically by a matrix calculus using the modal solutions of each PCW in isolation. The coupled-mode equations are solved for contra-directional coupling between two asymmetric PCWs formed by a hexagonal lattice of circular air holes in a dielectric medium. The power transmission spectra at different output ports of the coupled PCWs are investigated. It is shown that the self-contained coupled-mode analysis is useful to characterize a peculiar feature of the contra-directionally coupled PCWs as a drop filter.
INTRODUCTION
Photonic crystals (PCs) have inspired a lot of interest due to their wide application for controlling the propagation of light [1, 2] . A photonic crystal waveguide (PCW) is made by removing a row of either air columns or dielectric rods that result in multimode guiding [3, 4] . If the PCWs are placed in close proximity, a coupled PCW is formed, and the optical power is efficiently transferred from one PCW to another. Recently, coupled PCWs have received much attention due to their promising applications to ultra-compact, miniaturized photonic devices, such as filters, switches, power dividers, and couplers.
The optical propagation in the coupled PCWs has been extensively analyzed using the plane wave expansion method [5] [6] [7] [8] , the finitedifference time-domain method [5, [7] [8] [9] [10] [11] , the scattering matrix method combined with the lattice sums technique [12, 13] , and the coupled-mode theory [5, 6, 9, 10] . Among others, the coupled-mode theory is an analytical method based on a perturbation theory and gives an approximate solution, which enables us to get a clear picture on the power transfer between two PCWs. The coupled-mode theory has been successfully used to model guided-wave devices based on the conventional optical waveguides, in which the coupling coefficients have been calculated in self-contained way [14, 15] using a perturbation analysis or an overlap integral between the mode fields of uncoupled waveguides. However, the previous pertinent studies on the coupled-mode theory of PCWs have mostly assumed a prescribed form of the coupled-mode equations and calculated the coupling coefficients by using the propagation constants of supermodes supported in the coupled PCWs that were obtained by other numerical methods.
Recently, the present authors have proposed a selfcontained coupled-mode formulation [16] for two parallelcoupled PCWs and derived systematically the coupled-mode equations by using the first-order perturbation theory for a weak coupling. In this formulation, the coupling coefficients are obtained by a matrix calculus based on the eigenmode solutions in each individual PCW in isolation. The coupled-mode equations have been used [16] to analyze a codirectional coupling between two symmetric PCWs with square lattice of circular rods in a free space or circular air holes in a dielectric medium.
In this paper, we shall apply the proposed coupled-mode formulation to a contra-directional coupling between two asymmetric PCWs. In Section 2, we briefly explain the calculation procedure to obtain the coupled-mode equations for two coupled PCWs, which govern the evolution of the modal amplitudes in individual PCWs. The formal solutions of the coupled-mode equations are also discussed. The contradirectional coupling between two PCWs with hexagonal lattice of circular air holes in a dielectric medium [9] is numerically studied in Section 3. When the modes of two single isolated PCWs interact at the phase-matching point, the repulsion effect between the guided modes appears, and the contradirectional coupling between the forward and backward waves occurs. The dispersion diagrams of the isolated PCWs as well as the dispersion curves of the coupled two asymmetric PCWs are studied. The optical power exchange between two PCWs is investigated, and the output powers at different ports of the contra-directional PCWs coupler are analyzed. It is shown that about 80% of the initial power is transferred contra-directionally from one PCW to another. A conclusion is given in Section 4.
COUPLED MODE FORMULATION FOR TWO PHOTONIC CRYSTAL WAVEGUIDES
The schematic view of a coupled 2D PCW structure is shown in Fig. 1(a) . The guiding layers a and b with widths, w a and w b , which are bounded by the upper and lower PCs, respectively, are separated by the intermediate barrier layer of a PC. We do not specify here the particular configuration of three PC layers except that they are formed by parallel circular rods, which are infinitely long in the y direction and have a common lattice constant h in the z direction. There exist TE and TM modes in the 2D PCWs. We consider here the TE mode having the electric and magnetic field components E y ; H x ; H z . The TM mode having the field components H y ; E x ; E z can be treated in the same way.
In the first-order coupled-mode analysis, the guided field supported by the two-parallel waveguide system is approximated as follows: If the configuration of the PCW system is specified, β j , c j;m , and p j;m x j a; b can be calculated [12, 13] by using the lattice sums and scattering matrix of layered periodic arrays of circular rods. In Eq. (1), α a and α b are the normalization constants introduced so that the power carried by each waveguide mode per unit length in the y direction satisfies the relations:
where the plus (minus) sign in Eq. (2) corresponds to the forward (backward) propagating modes. Using the first-order perturbation analysis to Eq. (1), the coupled-mode equations for the coupled PCWs are obtained as follows [16] :
with W a ω; β expiγ a;m w a δ mn ; W b ω; β expiγ b;m w b δ mn ;
where
, and g a and g b are the right eigenvectors that satisfy relations D T a ω; β a · g a 0 and D T b ω; β b · g b 0, and the superscript T denotes the transpose of the indicated vectors and matrices. In Eqs. (7) to (10) When the lattice constants, the material parameters of circular rods and the background medium, and the numbers of layers N U ; N B ; N ∞ ; N L are specified,R
B ω; β are accurately calculated by the standard matrix calculus using the lattice sums, the T-matrix of circular rods, and the scattering matrix of a periodic array of circular rods [16, 17] .
The general solution to Eqs. (3) and (4) for the mode amplitudes Az and Bz are obtained in the following form:
Az A 1 expiη a;1 z A 2 expiη a;2 z; (12)
with
where A 1 and A 2 are the unknown constants, which are determined using the initial excitation conditions. Equations (14) and (15) give the perturbations to the propagation constants β a ω and β b ω of two isolated PCWs a and b as functions of ω. Due to the coupling between two PCWs, each of original propagation constants, β a ω and β b ω, are split into two propagation constants in the neighborhood of the phasematching point, which satisfies ω ω 0 and β a ω 0 β b ω 0 as follows:
where β a , β b , Δβ, and q are specified as functions of frequency ω for understanding the phase-matching condition between two waveguide modes. For a contra-directional coupling, we assume that the wave with the unit amplitude is initially excited at the right end z l of the upper waveguide a. In the lower waveguide b, the wave travels in the direction opposite to waveguide a, and there is no initial excitation at the left end of the coupler at z 0. This leads to the following initial conditions:
With the initial condition in Eq. (19) together with Eqs. (12) and (13), the modal amplitudes of the coupled mode equations are expressed in the following form:
NUMERICAL RESULTS AND DISCUSSION
The contra-directional coupling between two asymmetric PCWs consisting of the hexagonal lattice of circular air holes in a dielectric background medium is analyzed by using the proposed coupled-mode formulation. The PCW structure to be analyzed is the same as investigated in [9] by using the FDTD method. We assume that the permittivity of the background medium is ε s 10.5ε 0 and the radius of the air holes is r 0.36h. The width of the upper PCW is w a 0.8 3 p h, and the width of the lower PCW is w b 3 p h. The air-hole-type PC has a photonic bandgap for the E polarized field E y ; H x ; H z . The initial excitation is launched into the upper PCW at z l.
First we discuss the dispersion diagram of the coupled asymmetric PCWs with a one-layer barrier, (N B 1), structure as shown in Fig. 2 . The mode propagation constants, β a ω and β b ω, for each isolated single PCW a and b were calculated as functions ω by using the semi-analytical method presented in [13] . The dispersion diagrams for two isolated PCWs calculated by assuming N U N L N ∞ 10 are shown in Figs. 3 and 4 . From these two figures, we can see that the upper PCW with w a 0.8 3 p h supports three guided modes, whereas the lower PCW with w b 3 p h supports four guided modes.
When the two PCWs are placed in close proximity, the mode fields in each isolated PCW interact in the neighborhood of the phase-matching point, which satisfies ω ω 0 and β a ω 0 β b ω 0 in the dispersion diagrams. The interaction causes repulsion between two original dispersion curves, which intersect at the phase-matching point and create a new dispersion diagram for the contra-directional coupling between the forward and backward propagating modes. Using the numerical results shown in Figs. 3 and 4 , the phasematching point is calculated as h∕λ 0 0.3428 and β a ω 0 h∕2π β b ω 0 h∕2π 0.0455, where λ 0 2πc 0 ∕ω 0 , and c 0 is the velocity of light in a free space. Figure 5(a) illustrates the dispersion diagrams for the coupled PCWs with N B 1 calculated by the rigorous analysis based on the lattice sums technique combined with the T-matrix approach [13, 17] . It is seen that the guided modes are perturbed in the whole frequency range due to the strong coupling between two asymmetric PCWs.
The region where the contra-directional coupling occurs is surrounded by a gray rectangle, and the enlarged diagram in the coupling region is plotted in Fig. 5(b) by the solid lines. The normalized propagation constant, βωh∕2π, which is calculated using the coupled-mode analysis in Eqs. (17) and (18), is also plotted by the dashed line in Fig. 5(b) . We can see that for a one-layer barrier structure, the propagation constants of the coupled waves calculated by the coupled-mode analysis are not in good agreement with those of the rigorous analysis. This is because the contra-directional coupling between two asymmetric PCWs through a one-layer barrier structure falls into a category of strong coupling, whereas the proposed coupled-mode analysis based on the perturbation theory assumes weak coupling. When the number of the barrier layers is increased, however, a situation of relatively weak coupling between two asymmetric PCWs is realized.
Next, we consider the contra-directional coupling of the same asymmetric PCWs but having a three-layered barrier (N B 3) structure as shown in Fig. 6 . Figure 7(a) illustrates the dispersion curves of the coupled PCWs with a threelayered barrier structure calculated by rigorous analysis [13, 17] . The region where the contra-directional coupling occurs is surrounded by the gray rectangle, and the enlarged dispersion diagram in the neighborhood of the phasematching point is plotted in Fig. 7(b) . We can see that the propagation constants (dashed line) of the coupled waves calculated by the coupled-mode analysis in Eqs. (17) and (18) are in close agreement with those of the rigorous analysis (solid line). Thus the proposed coupled-mode analysis can be used to analyze the contra-directional coupling between two asymmetric PCWs with a barrier structure of three layers or more. For the three-layered barrier structure, Eqs. (20) and (21) were calculated. Figure 8 shows the guided powers jA0j 2 in port 2 (solid line) and jBlj 2 in port 3 (dashed line) as functions of the normalized frequency h∕λ, where the coupler length is assumed to be l 2000h. We can see that around 80% of the input power is dropped into the port 3 of the lower PCW at the resonant frequency h∕λ 0 0.3428. The power transmission spectra in the same asymmetric PCWs coupler have been analyzed [9] for N B 1 and l 240h by using the finite-difference time-domain method. The peculiar feature of Fig. 8 agrees well with that (Fig. 4) of [9] except for the difference in the resonant frequency h∕λ 0 . In the coupled-mode analysis, the resonant frequency is given by the frequency of phase matching at which the dispersion curves of two PCWs in isolation intersect each other. When N B 1, coupling is strong, and the coupling region is shifted from the phasematching frequency h∕λ 0 0.3428 as shown in Fig. 5(b) , whereas when N B 3, the phase-matching frequency is just located inside the coupling region as shown in Fig. 7(b) .
CONCLUSION
We have presented the coupled-mode formulation for two parallel-coupled PCWs based on the perturbation analysis. The formulation has been used to analyze contra-directional coupling between two asymmetric PCWs consisting of the hexagonal lattice of the circular air holes in a dielectric background medium. The dispersion diagrams of the isolated PCWs as well as the coupled PCWs and the effect of the barrier layers between two PCWs on their coupling characteristics have been numerically studied. It is proven that the present coupled-mode formulation is applicable when the barrier PC is of three layers or more. The coupled-mode equations have been solved for the case of three-layered barrier structure, and the power transmission spectra at different output ports of the coupled PCWs have been calculated. It is also shown that the coupled PCWs with a three-layered barrier can be used as a drop filter with around 80% drop in efficiency. 
